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ON THE SQUEEZING FUNCTION AND FRIDMAN
INVARIANTS
NIKOLAI NIKOLOV AND KAUSHAL VERMA
Abstract. For a domain D ⊂ Cn, the relationship between the
squeezing function and the Fridman invariants is clarified. Fur-
thermore, localization properties of these functions are obtained.
As applications, some known results concerning their boundary
behavior are extended.
1. Relating sD, h
c
D and h
k
D
Let D ⊂ Cn be a domain. The first purpose of this note is to clarify
the relationship between sD, the squeezing function [2], and its dual
counterparts – the Fridman invariants hcD and h
k
D [8, 9]:
sD(z) = sup{r : rBn ⊂ f(D), f ∈ O(D,Bn), f(z) = 0, f is injective},
and
hdD(z) = sup{tanh r : B
d
D(z, r) ⊂ f(Bn), f ∈ O(Bn, D), f is injective},
where Bn ⊂ C
n is the unit ball, dD is the Carathe´odory/Kobayashi
pseudodistance cD/kD, and B
d
D(z, r) is the dD-ball centered at z with
radius r (in [8, 9], sup tanh r is replaced by inf 1/r).
Remark. We set sD = 0 ifD is not biholomorphic to a bounded domain.
We also allow hdD(z) = 0.
Many properties and applications of sD have been recently explored
by various authors, see e.g. [2, 3, 5, 6, 12, 17, 18, 19] and the references
therein; for hcD and h
k
D see [8, 9, 11].
Let ∆ be the unit disc. Recall that
cD(z, w) = sup{tanh
−1 |λ| : f ∈ O(D,∆), f(z) = 0, f(w) = λ},
and kD is the largest pseudodistance that does not exceed the Lempert
function lD :
lD(z, w) = inf{tanh
−1 |λ| : f ∈ O(∆, D), f(0) = z, f(λ) = w}.
The construction of sD, h
c
D and h
k
D suggests that there should be a
natural relation between them. This is indeed the case.
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Proposition 1. Let D ⊂ Cn be a domain. Then
sD ≤ h
c
D ≤ h
k
D.
Proof. The second inequality follows from the fact that cD ≤ kD.
To prove the first inequality, we may assume that sD > 0. By normal
family arguments, there exists an extremal mapping f ∈ O(D,Bn) for
sD(p) = r [2, Theorem 2.1]). Then g(z) = f
−1(rz) is a competitor for
hcD(p). If q ∈ B
c
D(p, tanh
−1 r), then
tanh−1 r > cD(p, q) = kf(D)(0, f(q)) ≥ cBn(0, f(q))
which means that f(q) ∈ rBn, that is, q ∈ g(Bn). So
BcD(p, tanh
−1 r) ⊂ g(Bn) ⊂ D
and hence sD(p) ≤ h
c
D(p). 
Since the supremum in the definition of sD(z) > 0 is attained, then
sD(z) = 1 implies that D is biholomorphic to Bn (in short, D ∼ Bn).
The last is also a consequence of Proposition 1 and the fact that if D
is k-hyperbolic, then hkD(z) = 1⇒ D ∼ Bn [9, Theorem 1.3(2)]).
Note that sD is a continuous function [2, Theorem 3.1]). It is proved
in [9, Theorem 1.3(1)] that hkD is continuous if D is k-hyperbolic. In
fact, more is true: hdD is continuous for any continuous pseudodistance
dD. This is a simple consequence of the observation that B
d
D(z, r) ⊂
BdD(z, r + dD(z, w)). In particular, h
k
D and h
c
D are always continuous.
2. Localization of sD and h
k
D
In the next section, we need two localization type results for sD and
hkD. These results are in opposite directions.
Proposition 2. Let D ⊂ Cn be a domain and let U be a neighborhood
of a plurisubharmonic peak point1 p0 ∈ ∂D. Then
lim
z→p0
sD(z) = 1⇒ lim
z→p0
sD∩U(z) = 1.
Remark. The inverse implication cannot be true without global assump-
tions about D.
Proof. Let t ∈ (0, 1). It follows by the proof of [10, Lemma 2.1.1] that
there exists a neighborhood V of p0 such that if ψ ∈ O(∆, D) and
ψ(0) = z ∈ D ∩ V, then ψ(t∆) ⊂ D ∩ U. In particular,
(1) lD(z, w) ≥ tanh
−1 t, z ∈ D ∩ V, w ∈ D \ U.
Let now f ∈ O(D,Bn) be an extremal mapping for sD(z) = r, z ∈
D ∩ V. If w ∈ f−1(trBn), then
lD(z, w) = lD(0, f(w)) ≤ lrBn(0, f(w)) < tanh
−1 t.
1This notion has a local character (see e.g. the proof of [10, Lemma 2.1.1]).
Hence any local holomorphic peak point is a plurisubharmonic peak point.
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This and (1) show that f(trBn) ⊂ U and hence
sD∩U(z) ≥ t.sD(z)
which implies the desired result. 
Proposition 3. Let D ⊂ Cn be a domain and let U be a neighborhood
of a local holomorphic peak point p0 ∈ ∂D. Then
lim
z→p0
hkD∩U(z) = 1⇒ lim
z→p0
hkD(z) = 1.
For the strongly pseudoconvex case, this proposition is contained in
3=[9, Lemma 3.4].
Proof. Denote by κD the Kobayshi–Royden pseudometric:
κD(z;X) = inf{|λ| : f ∈ O(∆, D), f(0) = z, λf
′(0) = X}.
Let s ∈ (0, 1) and r > 0. It follows by the proofs of [10, Lemmas 2.1.1
and 2.1.3] that there exists neighborhoods U2 ⊂ U1 ⊂ U such that
(2) sκD∩U(u;X) ≤ κD(u;X), u ∈ D ∩ U1, X ∈ C
n,
and
(3) kD(z, w) ≥ r, z ∈ D ∩ U2, w ∈ D \ U1.
Let z ∈ D ∩U2 and w ∈ B
k
D(z, r). Since kD is the integrated form of
κD, there is a smooth curve γ : [0, 1]→ D joining z and w such that∫ 1
0
κD(γ(t); γ
′(t))dt < r.
By (3), γ[0, 1] ⊂ U1 and then (2) implies that w ∈ B
k
D∩U(z, r/s). So
BkD(z, r) ⊂ B
k
D∩U(z, r/s)
and the desired result follows easily. 
3. Detecting strong pseudoconvexity
Applying [5, Lemma 3.1], it follows by the proof of [3, Theorem 1.3]
that if p0 is a strongly pseudoconvex boundary point of a bounded
domain D ⊂ Cn such that D admits a Stein neighborhood basis, then
lim
z→p0
sD(z) = 1.
Combining this fact with Proposition 1 and Proposition 3, we get
the following result (see also [11, Theorem 1.1(i)] and, in the C3-smooth
setting, [9, Theorem 3.1]).
Proposition 4. If p0 is a strongly pseudoconvex boundary point of a
domain D ⊂ Cn, then
lim
z→p0
hkD(z) = 1.
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Conversely, it turns out that strong pseudoconvexity can be char-
acterized by the boundary behavior of the squeezing function. For
example, if D ⊂ Cn is a bounded convex domain with C2,α-smooth
boundary, then [19, Theorem 1.7]
lim
z→∂D
sD(z) = 1⇒ D is strongly pseudoconvex
(C2-smoothness is not enough as [6, Theorem 1.1] shows).
Also, if p0 is an h-extendible boundary point of a C
∞-smooth bounded
pseudoconvex domain D ⊂ Cn, then [12, Theorem 1]
lim
z→∂D
sD(z) = 1⇒ p0 is strongly pseudoconvex.
Recall that a C∞-smooth pseudoconvex boundary point p0 of finite
type of a domain D ⊂ Cn is said to be h-extendible (see e.g. [16] and
the references therein) if D is pseudoconvex near p0 and the Catlin and
D’Angelo multitypes of p0 coincide. For example, p0 is h-extendible if
the Levi form at p0 has a corank at most one, or D is linearly con-
vexifiable near p0. In particular, h-extendibility takes place in the
strictly pseudoconvex, two-dimensional finite type, and convex finite
type cases.
The results below localize [12, Theorem 1] and, in some cases, [19,
Theorem 1.7].
Proposition 5. Let p0 be an h-extendible boundary point of a domain
D ⊂ Cn. If limz→p0 sD(z) = 1, then ∂D is strongly pseudoconvex at p0.
Proof. Since p0 is a local holomorphic peak point [16, Theorem A], the
result follows by choosing a neighborhood U of p0 such that D ∩ U
to be a C∞-smooth pseudoconvex bounded domain, and then applying
Proposition 2 and Theorem [12, Theorem 1]. 
Proposition 6. Let D ⊂ Cn be a domain that is locally convexifiable
near a C∞-smooth boundary point p0, and ∂D contains no analytic discs
through p0. If limz→p0 sD(z) = 1, then ∂D is strongly pseudoconvex at
p0.
Proof. If p0 is of finite type, then the result follows from Proposition 5.
Suppose that p0 is of infinite type. By the disc assumption, p0 is
again a local holomorphic peak point [15, Proposition 3.4]. Then, using
Proposition 2, we may assume that D is a convex domain. It follows by
the proof of [17, Propoisition 6.1] that there exists a sequence (zj) ⊂ D
converging to p0 and affine isomorphisms Aj of C
n such that Aj(D)→
D∞ in the local Hausdorff topology, and Aj(zj) → 0 ∈ D∞, where
D∞ is a convex domain, containing no complex affine lines (by the disc
assumption), and ∂D∞ contains an affine disc D (by the infinite type
assumption). Since sAj(D)(Aj(zj)) = sD(zj) → 1, then sD∞(0) = 1 by
[18, Proposition 7.1], that is, D∞ ∼ B
n. In particular, the metric space
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(D∞, kD∞) is Gromov hyperbolic which is a contradiction to D ∈ ∂D∞
[17, Proposition 1.10=Proposition 6.1]. 
4. Estimates of sD and h
k
D
When ∂D has higher regularity than C2 near a strongly pseudoconvex
point p0, quantitative lower bounds for sD hold.
Set δD(z) = dist(z, ∂D). Let ε ∈ (0, 1], m ∈ {0, 1} and εk =
m+ ε
2
.
Proposition 7. [14, Theorem 1] Let p0 be a C
m+2,ε-smooth strongly
pseudoconvex boundary point of a bounded domain D ⊂ Cn such that
D admits a Stein neighborhood basis. Then
lim sup
z→p0
1− sD(z)
δD(z)εm
<∞.
The proof of [14, Theorem 1] follows the same lines as that of [5,
Theorem 1.1], where the cases of C3-smooth and C4-smooth bounded
strongly pseudoconvex domains are considered.
In the C3,1-smooth case, Proposition 7 says that
lim sup
z→p0
1− sD(z)
δD(z)
<∞.
This estimate is optimal. Indeed, it follows from the proof of [6,
Theorem 1.2] that if p0 is a C
2-smooth boundary point of a domain
D ⊂ Cn and
lim inf
z→p0
1− sD(z)
δD(z)
= 0,
then D ∼ Bn.
We will prove more in a short way.
Proposition 8. Let p0 be a Dini-smooth boundary point
2 of a domain
D ⊂ Cn. If
lim inf
z→p0
1− sD(z)
δD(z)
= 0,
then D ∼ Bn.
Proof. One may find points zj → p0 and injective maps fj ∈ O(Bn, D)
such that
BkD(zj , rj) ⊂ fj(Bn)
and
1− tanh rj
δD(zj)
→ 0.
Fix an a ∈ D. By [13, Theorem 7], there exists a constant c > 0 with
2kD(a, zj) ≤ − log δD(zj) + c.
2For this notation see e.g. [13, p. 45]. Note that C1,ε-⇒ Dini-⇒ C1-smoothness.
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Then r′j = rj − kD(a, zj)→∞ and B
k
D(a, r
′
j) ⊂ B
k
D(zj , rj) ⊂ fj(Bn). It
follows that hkD(a) = and hence D ∼ Bn. 
Finally, note that Proposition 1 implies that the estimate from Propo-
sition 7 holds for hkD, too. It turns out that such an estimate for h
k
D is
valid without global assumptions about D (which is not true for sD).
Proposition 9. [14, Theorem 1] Let p0 be a C
m+2,ε-smooth strongly
pseudoconvex boundary point of a domain D ⊂ Cn. Then
lim sup
z→p0
1− hkD(z)
δD(z)εm
<∞.
Proof. It follows by the proof of [1, Theorem 1] that the behavior of kD
near p0 is determined up to small/large additive constants by the local
geometry of ∂D near p0. Then there exist neighborhoods V ⊂ U of p0
and a constant c > 0 such that D ∩ U to be a strongly pseudoconvex
domain and
kD∩U(z, w) ≤ kD(z, w) + c, z, w ∈ D ∩ V.
On the other hand, we may shrink V and enlarge c such that
tanh−1 hkD∩U(z) > r(z) := −
1
2
log δD(z)− c, z ∈ D ∩ V
(by Propositions 1 and 7). Increasing c once more, one may find a
neighborhood W ⊂ V of p0 such that
kD(z, w) ≥ r(z)− c, z ∈ D ∩W, w ∈ D \ V
(by [7, 2.3. Theorem]). Then
BkD(z, r(z)− c) ⊂ B
k
D∩U(z, r(z)), w ∈ D ∩W,
which implies the desired inequality. 
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